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Creep Deflection of Thick-Walled 
Piping due to Combined Bending 
and Internal Pressure 
A closed-form solution is derived for the creep deflection in thick-walled piping 
subjected to combined internal pressure and bending moment. The solution is limited 
to the situation usually encountered in practice with sustained gravity loads and 
support forces in which the additional stresses due to bending are small compared 
to those due to internal pressure. For this case, it is shown that a simple correction 
factor may be applied to an elastic computation of pipe deflections to include the 
effect of creep. Predictions using this factor show satisfactory agreement with ob-
servations on a thick-walled piping system which had been in service for 20 years. 
Introduction 
The analysis of the elastic deflection of piping due to gravity 
and support loading is a routine calculation in the power and 
petrochemical industries. However, after prolonged operation 
of piping systems at elevated temperature, the bending de-
flections due to creep may be over an order of magnitude 
greater than the elastic deflections, even though the stress re-
quirements of the ASME/ANSI B31 Piping Code are satisfied. 
Such deflections, when unanticipated, may result in interfer-
ence with other structural components or localized failure of 
supports and attachments. 
Some piping systems which have operated for extended 
periods at elevated temperature have deflections which are 
much larger than predicted by an elastic analysis. In such cases, 
it is important to be able to compare predicted and observed 
deflections to confirm that the material is exhibiting normal 
creep behavior. This is one facet of the broad problem of 
assessing damage and residual life after extended periods of 
operation at elevated temperature. With this background, the 
objective of the present study was to derive a factor, for a 
given time of operation, which allows the combined elastic 
and creep deflections to be estimated directly from an elastic 
analysis of deflections due to gravity and support loading. We 
should emphasize at this stage that our analysis does not con-
sider thermal loading, which may introduce large stresses for 
very short periods of time. 
We consider the isothermal case in which steady-state creep 
strain rates, e, due to uniaxial tensile or compressive stress, 
a, at the temperature of interest may be related through con-
stants B and n by 
e=Bo" (1> 
It will be pointed out later that the extension to treat radial 
heat transfer is straightforward. Very often steady-state creep 
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data are all that are available. However, if a more general 
relation between the creep strain e, stress, time t and constants 
A,m and n of the form e = Aa"f is available, results based 
on equation (1) may be applied directly by defining a fictitious 
time scale r = f. Results of creep tests are also plotted as 
"isochronous" stress-strain curves showing stress as a function 
of total strain at a given time. It will be shown that these 
experimental results may also be used with the analysis to be 
developed if the exponent n is known. 
Stress and Strain-Rate Analysis 
Stresses and deflections cannot be obtained by superposition 
for nonlinear problems. As an example, the bending deflection 
rate of a pipe loaded by bending moments may increase dra-
matically when internal pressure is applied. This problem was 
studied experimentally and analytically some years ago (Finnie, 
1960) for a thin-walled cylinder. The present study was required 
because the main steam piping from the superheater to the 
high-pressure turbine in power plants is thick-walled, which 
makes the assumption of a thin-walled pipe unacceptable. 
As in the earlier study of thin-walled pipes, for simplification 
it is assumed that the additional axial stresses due to bending 
are small compared to pressure stresses. With this assumption, 
it is reasonable to ignore the bending moment when computing 
the stresses due to internal pressure. Also, the effective stress 
1 




will be calculated initially using only the hoop, radial and axial 
stresses due to internal pressure. After the axial stresses due 
to bending moment have been computed, the error involved 
in this assumption can be checked and corrected if necessary. 
Generally, the assumption that the sustained additional stresses 
produced by gravity and support loading are small compared 
to pressure stresses will be satisfactory. If this were not the 
case, bending deflections would become unacceptably large 
during the life of a plant. 
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The distribution of the additional axial stress due to bending 
over the cross section is statically indeterminate. For the elastic 
case, which is equivalent to n = 1, the bending stress varies 
linearly with distance from the neutral axis. In the case of 
bending moments acting alone in creep, the axial stress varies 
as (d)l/", where d is distance from the neutral axis. In all cases, 
plane sections remain plane in bending, which requires 
e°=e°°(£) (3) 
In equation (3), R0 is the outs.ide radius of the pipe, R, will be 
used later for the inside radius and eao, ea are the axial strain 
rates at the outer fiber (d = R0) and any location d. 
Under multiaxial stresses, it is known that the axial strain 
rate in steady creep is 
•ea^B^"-'H<Ja-U2(.ae + cr)) (4) 
For the thick-walled cylinder loaded only by internal pressure, 
it is known that aa = (l/2)(<r9 + (7r), and hence, e„ = 0 from 
equation (4). Equation (4) and the solution for the stresses in 
a thick cylinder loaded by internal pressure are given in texts 
on creep, such as Finnie and Heller (1959). From this solution 
it is seen that a varies with radius r as 
a ~ ( l / r ) 2 / " (5) 
We now use the notation a'a for the additional axial stress 
due to bending with cr„'0 being the value at the outer fiber. 
Combining the plane-section condition equation (3) with equa-
tion (4) leads to 
In this expression, a0 and a are the effective stress at the outer 
fiber and any location calculated only from the stresses due 
to pressure. The distance d from the neutral axis may be written 
as r sin 8, where d is shown in Fig. 1. Using equation (5) 
, ( r \ - ( n - i ) r sin 6> 
(6) 
This equation is in a convenient form for calculation of <r„'0 
from the applied moment, which may be written as 
M= 4 Jo ] R . a'a (r sin 0)r dr d 6 (7) 
Substituting for a'a from equation (6) into equation (7) leads 
to 
M = 4 < 
f7i-/2 pR0 
Jo JRi 
r • ( 1 - 1 ) r'sin
2^ 
~R„ 
After integration, this becomes 





( R{\ 4+ - (n-
(8) 
where 
Ir=vRl © 4 + - («~1) H - - ( i i -1 ) n 
d = rsin0 
Fig. 1 Coordinate system used in equation (7) 
As a check, we note that putting n = 1 into equation (8) leads 
to the elastic solution. 
The axial strain rate at the outer fiber may now be computed 
from the expression 
eao = 5ff0<"-'>aa'0 (9) 
The quantity a'ao is obtained from equation (8), and the effective 
stress a0 at the outer fiber due to internal pressure P is known, 
Finnie and Heller (1959), to be 
~^ = ^/UR0/Ri)
1/n- 1] (10) 
At this stage we should examine the assumption that the ad-
ditional axial stresses due to bending are small compared to 
the pressure stresses. If this is not the case, the solution pre-
sented is not applicable. Even in the case when a'ao is small 
compared to <j0, in some situations it may be worth recom-
puting a0 to include o'ao because of the sensitivity of creep-rate 
to stress. The effective stress a'0 at the outside wall obtained 
by including a'ao is related to a0 by 
«-<Hfyy (ID 
This value then replaces a0 in equation (9). As long as 
(CTa'0/a0)
2 « 1, equation (5) and the other aspects of the anal-
ysis will still be valid. 
The preceding analysis for isothermal operation may be ex-
tended to include axisymmetric radial heat flux. If the pipe 
has an inward heat flux of Q0 per unit outside area and the 
creep law is taken as e = be"T a", where b and a are constants 
and T is temperature, the stresses due to internal pressure are 
obtained (Finnie and Heller, 1959) by replacing n by n' = n/ 
(1 +7/2) where 7 = aQ0 R0/k with k being the thermal con-
ductivity. Equation (4) is unchanged, but in equation (5) n is 
replaced by n', so that equation (8) becomes 
M 4+ - ( « - l ) 
irRn 
( - # ; \ 4 + — («-
(8«) 
Equation (9) is unchanged, while n in equation (10) is replaced 
by « ' . 
Bending Deflections 
At first, only the bending deflection y in the x-y plane will 
be considered. Later, it will be pointed out that the result may 
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fictitious zero 
v , =y-AxlL J actual 
Fig. 2 Compulation of y from d2y/dx2 with unknown slope dy/dx at x = 0 
be extended to approximate prediction of combined creep and 
elastic deflections due to gravity and constant force support 
loads in a three-dimensional piping configuration. 
The radius of curvature p is related to the axial strain e„o at 
the outer fiber by 1/p = ea- /R0. For small values of the slope 
dy/dx, 1/p = d2y/dx2 where y is the bending deflection and 







if e„ is taken as the sum of the elastic and steady-creep strains 
the elastic solution and equations (8) and (9) lead to 
d2y M 
^ = — + [{Bin0t)/bJc\M = M 
dx EI (M (13) 
where X is the quantity in square brackets, t is time, I the 
conventional moment of inertia for elastic bending, Ic is de-
fined by equation (8), and E is Young's modulus which is a 
function of temperature. Since elastic calculations are usually 
carried out with the high temperature value of the modulus 
Eh, the dimensionless multiplying factor F, which should be 
applied to elastic computations of deflection to include steady 
creep, is merely 
F=(l+\EhI) (14) 
If deflections are measured in the shut-down (cold) condition 
when the modulus is Ec, the factor of unity in equation (14) 
should be replaced by (Eh/Ec). If isochronous creep curves are 
available, the value of creep strain e(b0, t) for given values of 
a0 and t can be used in place of Ba"t in equation (13) to express 
X in equation (13) as 
\ = e(a0,t)/(aM (15)' 
As pointed out earlier, this representation of creep data re-
quires that n be known at least approximately to compute 
a0 and Ic. 
The factor F given by equation (14) should be useful for the 
approximate prediction of combined elastic and creep deflec-
tions in three-dimensional piping systems subjected to gravity 
and support loading if the deflections are primarily in bending 
rather than direct extension or shear. Since the factor F of 
equation (14) applies to straight runs of piping, some approx-
imation is involved in applying it to piping systems containing 
elbows. 
It is important to compare predictions with measurements 
on operating piping systems. However, in a plant which has 
been running for some time, initial deflection measurements 
are usually unavailable and often all that can be obtained is 
the vertical displacement y(x) relative to a line running from 
x — 0 and x = L. In this case, the boundary condition dy/ 
dxatx= 0 may not be known. However, if y is taken as zero 
at x = 0 and x=L, we may assume an arbitrary value for dy/ 
dx at x = 0, e.g., dy/dx = 0. Calculations then show a value 
for y at x = L of A rather than 0. The true value of y is then 
obtained by subtracting y = Ax/L from the value obtained 
by assuming dy/dx = 0 at x = 0. This procedure is illustrated 
in Fig. 2. 
The analysis is only valid 
««($)' 
« 1. However, even 
when this is true, a minor improvement in prediction may be 
obtained by replacing o0 in equation (13) or (15) by ~a'0 from 
equation (11). The ratio ~a'0/~a0 will vary along the pipe as the 
bending moment changes. A simple approximate procedure is 
to take an average value of moment for the length of pipe 
being studied and compute an average value of the ratio /? = 
(CT„/CT0). The factor X in equation (14) or (15) should then be 
multiplied by/3*""1 '. 
Comparison of Prediction and Service Experience 
Measurements of vertical deflections of a 12.8-m (42-ft) 
length of nominally horizontal piping were obtained (Curtis 
and Shirmohamadi, 1988) after approximately 175,000 hr (20 
yr) of service at an internal pressure of 17.24 MPa (2500 psi) 
and a temperature of 567°C (1053°F). The material is 2!4 Cr-
lMo steel, which is said to have been supplied in the annealed 
condition. The outside radius of the pipe is 0.197 m (7.75 in.) 
and the average inside radius was established by ultrasonic 
measurement to be 0.121 m (4.759 in.). The elastic modulus 
of the material at elevated and ambient temperature is given 
in the ASME/ANSI B31.1 Piping Code as Eh = 148 GPa 
(21,440 ksi) and Ec = 192 GPa (27,900 ksi). An elastic com-
putation of pipe deflections in the hot condition was used to 
predict creep deflections using the equations described earlier. 
For both the elastic computation and the plant measurements, 
the deflections at each end of the 12.8 m (42 ft) length of pipe 
were taken as zero, as sketched in Fig. 2. 
The greatest uncertainty in making creep predictions lies in 
the inherent scatter of creep data. Specific lots of material may 
show creep behavior which differs considerably from the av-
erage. For design purposes, it is customary to use minimum 
creep or creep-rupture values. However, for an analysis of the 
present type, it is more realistic to use average values of creep 
properties. The traditional source of creep data in this country 
has been the ASTM data compilations and an extensive tab-
ulation for 2lA Cr-lMo steels has been given by Smith (1971). 
Only steady-state creep data are presented, which may be 
realistic if long-term operation at elevated temperature is in-
volved. For the operating temperatures of 567°C (1053°F), 
pp. 130 and 131 of this compilation show estimated average 
properties of 
e = lO^hr" 1 , (7=68.96 MPa (10.0 ksi) 
e = lO^hr1 , ff = 42.76 MPa (6.2 ksi) 
From these values, a corresponding steady creep relation is 
found to be 
e =A <r4-8hr- (16) 
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approximate approach of computing creep deflections from 
equation (1) and doubling these values to obtain predictions 
based on the I Mech E compilation. Table 1 and Fig. 3 show 
observed and predicted deflections for the 12.8-m (42-ft) length 
of piping with the deflection taken arbitrarily as zero at each 
end. The elastic deflections tabulated in Table 1 are so small 
that they cannot be shown clearly in the figure. 
Since the elastic pipe deflections shown in Table 1 were made 
for the hot (operating) condition and deflection measurements 
were made in the cold (shut-down) condition, the factor F of 
equation (14) is taken as 
F= (Eh/Ec+\EhI) (17) 
A computation of the axial stress o'ao from the moments 
obtained in the piping analysis shows it to be small compared 
to a0. The corrected value a'0 given by equation (11) is on the 
average 1.014 aot so the predicted creep deflections should be 
increased by (1.014)'"-" = (1.014)38 = 1.054. Hence, we 
estimate the correction factor F for the shutdown condition 
to be 
F= [0.77 +15.60] = 16.4 
For the I Mech E data compilation creep strains will increase 
by a factor of close to two, and F ~ 32.0. 
Since the factor F in equations (14) and (17) is dimensionless, 
calculations may be carried out in any consistent system of 
units. Our computations were carried out with stress and mod-
ulus in ksi units and I'm (in.)4. There is some "rounding-off" 
in converting dimensions, stresses and elastic modulus values 
to SI so slightly different values of F will be obtained with SI 
units. 
From Table 1 and Fig. 3, it is seen that the creep law obtained 
from the ASTM compilation generally underestimates the ob-
served deflection. The I Mech E compilation, which should be 
more accurate because it includes primary creep, overestimates 
deflection. This would be expected since the plant may have 
operated for periods at temperatures less than the value used 
in the computations. Given the scatter inherent in creep data, 
the agreement between service operation and prediction is very 
satisfactory and indicates that the observed deflections are a 
normal consequence of combined stress creep. 
Note: All deflections are negative (i.e., down). 
5
 L e n 9 t h (m) ,0 
' l -a-fbtuot -o-RSItl -x- i MachT 
0 B 12 18 24 30 36 42 
Length (ft) 
Fig. 3 Observed and predicted deflections in a 12.8-m (42-ft) length of 
piping 
The constant A equals 1.49 x 10~15 for a stress in MPa and 
1.53 x 10"" for a stress in ksi. 
Another valuable source of data is the Institution of Me-
chanical Engineers 1983 High Temperature Design Data for 
Ferritic Pressure Vessel Steels. This compilation contains is-
ochronous stress-strain curves obtained from creep tests which 
are extrapolated to times as long as 250,000 and 300,000 hr. 
The compilation also shows values of the exponent n in equa-
tion (1) as a function of creep strain, stress and time. The 
exponent estimated from this compilation for the time of in-
terest (175,000 hr) and the effective stress, obtained using equa-
tion (16) is n = 4.5. Since this value is very close to the value 
n = 4.8 in equation (16), the effective stress at the outside 
wall deduced from equation (16) and from the I Mech E data 
will be very similar. Using this stress level a0 = 27.6 MPa 
(4.00 ksi) and a time of 175,000 hr, we estimate a strain of 
0.46 percent from the I Mech E compilation, while equation 
(16) predicts a strain of 0.22 percent. The factor of close to 
two between the two values of creep strain is probably due to 
the inclusion of primary creep in the I Mech E compilation 
and its exclusion in the ASTM compilation. Since the value 
of n in the compilations are very close, we can take the simple 
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